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Abstract  28 
Purpose: To present a novel method to locate the centre of keratoconus and the transition zone 29 
between pathological area and the rest of corneal tissue. 30 
Methods: A spherical coordinate system was used to generate a spherical height map measured 31 
relative to the centre of the optimal sphere fit, and normal to the surface. The cone centre was defined 32 
as the point with the maximum height. Second derivatives of spherical height were then used to 33 
estimate the area of pathology in an iterative process. 34 
Results: There was mirror symmetry between cone centre locations in both eyes. The mean distance 35 
between cone centre and corneal apex was 1.45±0.25mm (0.07-2.00), the mean cone height normal 36 
to the surface was 37±23m (2-129) and 75±45m (5-243) in the anterior and posterior surfaces, 37 
respectively. There was a significant negative correlation between the cone height and the radius of 38 
the sphere of optimal fit (p< 0.05 for both anterior and posterior surfaces). On average, posterior cone 39 
height was larger than the corresponding anterior cone height by 37±24m (0-158). 40 
Conclusions: A novel method is proposed to estimate the cone centre and area, and explore the 41 
changes in anterior and posterior corneal surfaces that take place with keratoconus progression. It 42 
can help improve understanding of keratoconic corneal morphology and assist in developing 43 
customised treatments. 44 
 45 
 46 
 47 
 48 
 49 
 50 
 51 
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1. Introduction  52 
Keratoconus (KC) is a disease that causes alteration in the curvature of the cornea and localised 53 
thinning (1-3). It commonly begins in early adolescence, progresses over the next two decades (4) 54 
and can significantly reduce visual acuity and vision-related quality of life (5, 6). While the 55 
characteristic topographic patterns of keratoconus can be identified on corneal topographic and 56 
tomographic maps, it is still difficult to precisely locate the centre of the cone and the transition zone 57 
between the pathology area and the rest of the corneal tissue (7-11). As classifying and managing 58 
keratoconus can be more efficient when the affected corneal region is located, especially in the case 59 
of customized corneal crosslinking (12-15), techniques were developed to address this challenge (16-60 
18). However, some of the available techniques to detect the keratoconus cone are based on methods 61 
that analyse corneal tangential or axial curvature maps, which provide different values of maximum 62 
curvature based on their specific algorithms (16-18). 63 
Tangential curvature maps typically have high noise-to-signal ratios and are based on the second 64 
derivative nature of the curvature calculation. This creates the need in elevation-based systems, such 65 
as Scheimpflug tomographers, for smoothing or low-pass filtering to derive tangential curvature from 66 
height data (19, 20). Conversely, axial maps assume centre points of surface curvature to be always 67 
located on the central reference axis and this assumption reduces the sensitivity of the curvature 68 
maps in identifying surface changes due to cone development (21). Mahmoud et al. (16) initially 69 
proposed a method using axial and tangential maps to locate the cone position and to quantify its 70 
magnitude. Later, axial and tangential curvature, and the relative elevation of both the anterior and 71 
the posterior surfaces, as well as the pachymetric maps were included in the method which exhibited 72 
improved accuracy in detecting the presence of keratoconus (22). Another method used Brillouin 73 
spectroscopy which utilizes the scattering of light for the determination of localised materials elasticity 74 
(23). The Brillouin frequency shift at the point of maximum posterior elevation in relation to the best-75 
fit sphere was also related to several curvature indices (24). Its magnitude showed a high correlation 76 
with corneal stiffness reduction assessed by means of the Brillouin frequency shift (24). Schwiegerling 77 
took Zernike polynomial corneal fitted surface away from the raw-hight data to expose the cone 78 
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characteristics (25), however, this method was based on the idealistic assumption that only non-79 
keratoconic features of the cornea would be significantly removed when removing the 6th order 80 
Zernike polynomial fitted surface from the raw-height data. A Zernike polynomial of such a radial order 81 
is well classified as a high-order aberration fit that could filter many of the keratoconic features of the 82 
eye when being removed, leaving serious doubt about analysing the residual elevation for obtaining 83 
the keratoconus cone characteristics. Even though these methods have been demonstrated to be 84 
good in detecting the presence of keratoconus and quantifying the stiffness associated with the local 85 
pathology, they do not evaluate the size of the pathologic area. Furthermore, as the cone centre is 86 
different in curvature, elevation, and pachymetry maps, there is a need for a method for detecting the 87 
location of the cone axis normal to the surface, in its natural three-dimensional position. 88 
While estimating the area of pathology from the elevation data offers a direct method, a particular 89 
challenge is caused by the smooth transition between the natural curved shape of corneal surface 90 
and the steeper curvature within the cone. Further, as the cone may be only a few microns above the 91 
curved shape of the cornea, it may be difficult to detect given the nature of elevation data, which may 92 
cause unacceptably high noise-to-signal ratios. The current study attempts to overcome this difficulty 93 
by expressing corneal surface data normal to the surface and relative to the centre of the sphere to 94 
generate a ‘spherical height map’. This map eliminates the effect of corneal surface curvature and 95 
hence increases the precision in locating cone centre and estimating the size of the affected area of 96 
the cornea. 97 
 98 
2. Methods 99 
2.1. Clinical Data  100 
In this retrospective study, we reviewed the tomography maps of right and left eyes of 309 clinically-101 
diagnosed keratoconus patients enrolled in the Vincieye Clinic and Humanitas Clinical and Research 102 
Hospital (Milan, Italy). The institutional review board ruled that approval was not obligatory for this 103 
record review study. However, the ethical standards set out in the 1964 Declaration of Helsinki and 104 
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their revision in 2013 were observed and all patients provided informed written consent before using 105 
their de-identified data in the study (26, 27).  106 
The inclusion criteria were the diagnosis of bilateral keratoconus made by an experienced corneal 107 
specialist (PV) based on typical topographic patterns (e.g., inferior steepening, asymmetric bowtie, 108 
skewed axis) and/or characteristic slit-lamp findings (e.g., Vogt’s striae, Fleischer’s ring, apical 109 
thinning, or Rizutti’s sign). Exclusion criteria included eye diseases other than keratoconus, extensive 110 
corneal scarring, former ocular procedures such as collagen cross-linking or implantation of 111 
intracorneal rings, connective tissue disease, as well as pregnancy or early puberty. All participants 112 
underwent a complete ophthalmic examination, including a Pentacam HR (Oculus Optikgeräte 113 
GmbH; Wetzlar, Germany) exam. Raw elevation data with a reference plane set at the corneal apex 114 
(from U12 file) were extracted using customised Pentacam software (version 1.21r41) and stored in 115 
comma-separated values (CSV) format (28). The data covered a square grid that was 14 mm wide 116 
and had a regular spacing of 0.01 mm. 117 
Patients were divided according to disease severity into three groups; mild, moderate and advanced, 118 
based on the Topographic Keratoconus Classification (TKC) provided by the Pentacam topographer 119 
(29). Mild keratoconus was defined with TKC classification of “Abnormal”, “Possible”, “-“ and “1”, 120 
moderate keratoconus included TKC grades “1-2”, “2” and “2-3”, and advanced keratoconus included 121 
TKC grades “3”, “3-4” and “4”.  122 
 123 
2.2. Cone location analysis 124 
The data were processed using custom-built MATLAB (2018b, The MathWorks, Inc., Natick, 125 
Massachusetts, United States) codes created by the Biomechanical Engineering Group (BioEG) at 126 
the University of Liverpool. Initially, the raw elevation data for anterior and posterior maps (relative to 127 
a vertical plane positioned at surface apex) were imported for all patients. Only records that had a 128 
quality score “OK” were processed. A sphere was then fitted – using the least squares method – to 129 
the central area with 8 mm diameter of each corneal surface, and the coordinates of the centre point 130 
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and the radius of the optimal fit sphere were determined. The radial distance from each data point on 131 
a corneal surface to the centre of the sphere was then calculated. This was followed by subtracting 132 
the radius of the sphere from these radial distances and the position and magnitude of the largest 133 
positive difference were assumed to point at the location and height of the cone centre, respectively.  134 
To estimate the area of pathology, height data relative to the optimal sphere were determined along 135 
360 equally-spaced lines meeting at the cone centre and extending outwards using triangle-based 136 
cubic interpolation (30). A first derivative of the height data was calculated to determine the tangent 137 
to the surface along these lines. The second derivative was then calculated to represent the rate of 138 
change of this gradient. Since the rate of gradient change experiences a change in direction when 139 
the point of interest moves from the cone area to the surrounding healthy area, a sudden change in 140 
the sign of the rate of change in tangent gradient is indicative of an intersection with the transition 141 
zone between the pathologic area and the remaining corneal tissue, Figure 1. Locating the transition 142 
zone between the area of pathology and the remaining corneal tissue using this method then allowed 143 
calculating the cone area. 144 
An iterative process was then initiated in which the cone area was removed from the topography data 145 
before re-identifying the optimal sphere and repeating the subsequent steps. This process was 146 
repeated until the difference between the results (cone height and centre location) of two subsequent 147 
analyses became smaller than 1.0 m. The process was applied separately for anterior and posterior 148 
surfaces and no comparisons between the results were carried out before the analysis was 149 
concluded. 150 
The correlation of cone parameters (location and height of cone centre and cone area) with disease 151 
severity was explored using the correlation coefficient ‘R’ and the corresponding significance value p 152 
using bespoke MATLAB code.  153 
 154 
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 155 
Figure 1 (A) Optimal sphere of corneal posterior surface and distances from sphere centre to multiple 156 
points on the posterior surface. Variations in radial coordinates above the optimal sphere are used to 157 
locate the cone centre and estimate its height, while the second derivatives of elevation are used to 158 
estimate the transition zone between the cone and the rest of corneal tissue. (B) Distances between 159 
corneal surface points and optimal sphere are plotted and the largest value indicates cone height and 160 
centre location. 161 
 162 
2.3. Statistical analysis 163 
Data are expressed as mean, standard deviation and range. Matlab Statistics and Machine Learning 164 
Toolbox, 2019a (MathWorks, Natick, USA) were used to carry out the statistical analyses in this study. 165 
Spearman Correlation analysis was used to evaluate the relationships between parameters and 166 
Quade's rank analysis of covariance was used to evaluate the effect of co-variants. Nonparametric 167 
paired test of Wilcoxon signed rank was performed to compare left and right eyes where there was 168 
no normal distribution. The probability p, which is an element of the period [0,1], was determined 169 
where values of p> 0.05 indicate the validity of the null hypothesis, otherwise, it indicates the 170 
significance of the phenomenon (31). 171 
 172 
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3. Results 173 
For the 309 keratoconic patients included in the study, the mean, standard deviation and range of age 174 
were 33±11 years (9 – 72). Gender and ethnicity of patients were not recorded and therefore not 175 
included in this analysis. Among the right eyes, those with mild, moderate and severe KC were 102, 176 
130 and 77 respectively, while the corresponding numbers for left eyes were 90, 148 and 71. For 177 
each eye, the location and normal height of the cone centre and the transition zone between the cone-178 
shape area and the remaining corneal tissue were estimated using the proposed method. Figure 2 179 
presents a typical example where the cone centre and transition zone (presented by a black dot and 180 
a dashed line, respectively) are plotted on corneal tangential curvature maps and standard elevation  181 
maps for both the anterior and posterior surfaces. 182 
A B 
  
C D 
  
9 
 
Figure 2 Location of cone centre and transition zone estimated using the proposed method for the 183 
right eye of a 42 year-old patient with moderate keratoconus. The results are plotted on tangential 184 
curvature maps (A, B) and maps of elevation relative to the optimal sphere (C, D). 185 
 186 
3.1. Cone characteristics   187 
The results showed mirror symmetry between right and left eye groups. Whereas in right eyes, 76% 188 
and 82% of anterior and posterior cone centres were located in the temporal-inferior quadrant, 189 
respectively, the corresponding figures in left eyes were 82% and 84%. The posterior cone centre 190 
was superiorly located relative to the anterior cone centre by 0.119±0.216 mm in right eyes and 191 
0.096±0.227 mm in left eyes (p= 0.070). The anterior areas of the cone in right and left eyes were 192 
also similar; with values of 7.36±2.27mm2 (0.01 – 12.54) and 7.21±2.22 mm2 (1.13 – 12.54), 193 
respectively (p= 0.051). The cone centre heights were also similar in right and left eyes at 36±22 um 194 
(2 – 107) and 37±23 um (3 – 129), p= 0.559, in anterior surfaces and 74±44 um (8 – 244) and 75±45 195 
um (5 – 243), p= 0.619, in posterior surfaces. The results further demonstrate consistently that 196 
posterior cone height was larger than anterior cone height in 90% of cases and by 37±24 um (0 – 197 
158) on average. On the other hand, the cone area presented was larger in the anterior surface 198 
(7.77±3.07 mm2) than in the posterior surface (7.26±3.92 mm2, p< 0.001) 199 
 200 
3.2. Cone centre location  201 
Considering only the majority of the cones, which are located in the temporal-inferior quadrant, the 202 
anterior cone centre was located at 1.019±0.403 mm (0.1 – 1.8) on the inferior side and 0.663±0.434 203 
(0.1 - 1.8) mm on the temporal side of left eyes and located at 0.939±0.388 (0.1 – 1.7) mm on the 204 
inferior side and 0.683±0.424 (0.1 – 1.8) mm on the temporal side of right eyes. In posterior surfaces, 205 
the cone centre was located at 0.938±0.344 (0.2 – 1.6) mm towards the inferior side and 0.610±0.359 206 
(0.1 – 1.4) mm towards the temporal side in left eyes and at 0.813±0.345 (0.2 – 1.5) mm towards the 207 
inferior side and 0.734±0.371 (0.1 – 1.5) mm towards the temporal side in right eyes, Figure 3.  208 
10 
 
 209 
 210 
Figure 3 Frequency of cone centre location in (A) anterior surfaces of right eyes, (B) anterior surfaces 211 
of left eyes, (C) posterior surfaces of right eyes, and (D) posterior surfaces of left eyes 212 
 213 
The results further show a strong correlation between the locations of cone centres on the anterior 214 
and posterior surfaces (p< 0.001). This correlation could be used to estimate the shifts between the 215 
two cone centres using the relationships:  216 
𝑋(𝐴𝑛𝑡𝑒𝑟𝑖𝑜𝑟) = 0.591 × 𝑋(𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟) − 0.296  Equation 1 217 
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𝑌(𝐴𝑛𝑡𝑒𝑟𝑖𝑜𝑟) = 0.715 × 𝑌(𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟) − 0.164  Equation 2 218 
Where X(Anterior) and Y(Anterior) are the coordinates in mm of the anterior cone centres and 219 
X(Posterior) and Y(Posterior) are the corresponding coordinates of the posterior cone centres. 220 
 221 
3.3. Correlation between cone characteristics and disease severity  222 
The results showed evidence that with increased disease severity, the distance from corneal apex to 223 
cone centre reduced (p< 0.001, R= -0.312), while cone height increased (p< 0.001, R=0.716). On the 224 
other hand, the cone area did not show statistically significant differences among the disease stages 225 
(p= 0.002, R= -0.092), Figure 4. Further, no significant correlation was found between cone area and 226 
height in left (R= -0.087, p= 0.148) and right (R= 0.018, p=0.769) eyes. 227 
 228 
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 229 
Figure 4 Mean, standard deviation, minimum and maximum values of distance from cone centre to corneal apex (left column), cone height (middle 230 
column) and area of cone (right column) for eyes with mild KC (left = 90, right = 102), moderate KC (left = 148, right = 130) and advanced KC 231 
(left = 71, right = 77). Results are presented for anterior and posterior surfaces of right and left eyes232 
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3.4. Posterior cone height in relation to anterior cone 233 
The results also show strong correlation between anterior cone height and posterior cone height (p< 234 
0.001, R = 0.784 for right eyes and p< 0.001, R= 0.774 for left eyes). This strong correlation was 235 
evident when combining all the data or considering separately data for eyes with different KC severity 236 
extents, Figure 5. The relationship between the two cone heights follows the relationship: 237 
𝑃𝐶𝐻 = 0.8138 × 𝐴𝐶𝐻 + 0.007 ,   (Equation 3) 238 
where PCH is the posterior cone height in mm and ACH is the anterior cone height.  239 
 240 
Figure 5 Correlation between anterior cone height and posterior cone height when considering all 241 
data 242 
3.5. Correlation of cone height and pathology area with radius of optimum sphere 243 
The results show significant correlation between the cone height and radius of the optimum sphere 244 
for anterior surfaces (R= -0.584, p< 0.001) and posterior surfaces (R =-0.568, p< 0.001) in all eyes. 245 
Meanwhile, there was no significant correlation between the area of pathology and the radius of the 246 
optimum sphere for both anterior surfaces (R =0.012, p =0.769) and posterior surfaces (R =0.003, p= 247 
0.945), Figure 6.  248 
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 249 
Figure 6 Correlation of cone height and pathology area with the radius of the sphere of optimal fit for 250 
both anterior and posterior surfaces 251 
4. Discussion  252 
A novel method to detect the cone centre and height normal to the surface, as well as the transition 253 
zone between the area of pathology and the surrounding healthy corneal tissue in keratoconic 254 
patients, is proposed in this study. The method relies on spherical coordinates relative to the centre 255 
of the cornea’s optimal sphere fit and measured normal to the surface, in order to reduce the effect 256 
of the cornea’s natural curvature in determining the cone’s geometric features. When applying the 257 
method to 618 eyes of 309 KC patients, more than 80% of cases had infra-temporal cones, which is 258 
intermediate between the 95% figure reported by Auffarth, Wang (32)  and 65% reported by Demirbas 259 
and Pflugfelder (33), but different from findings by Wilson, Lin (34) where the majority of 48 eyes 260 
under study had the cone centre located in the inferior-nasal quadrant. The reason for this mismatch 261 
could be that Wilson, Lin (34) used a relatively small sample that may have particular characteristics 262 
that cannot be generalised. Our results also showed significant mirror-image symmetry 263 
(enantiomorphism) between right and left eye groups in cone location, similar to what was reported 264 
by Rabinowitz and McDonnell (7) and Holland, Maeda (35). As no direct comparison was made 265 
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between the fellow eyes of individual subjects in this study, the disease could be more advanced in 266 
one eye than the other. 267 
The results further showed a trend of increased cone height (R= 0.716, p< 0.001) and reduced 268 
distance from corneal apex to cone centre (R= -0.312, p< 0.001) with disease severity – this trend 269 
was significant in both anterior and posterior surfaces of right and left eyes. Cone height was also 270 
negatively correlated with the radius of the optimum fit sphere in both the anterior surfaces (R= -0.584, 271 
p< 0.001) and posterior surfaces (R =-0.568, p< 0.001). 272 
In contrast, while having the radius of the optimal sphere as a co-variate, the cone area was not 273 
correlated with the disease stages in the anterior surface (R= 0.002, p=0.753) and was weakly 274 
correlated in the posterior surface (R= 0.093, p= 0.003). This lack of difference may be due to the 275 
simultaneous inclusion of different cone morphologies. Perry et al., (12) described two types of cone 276 
morphologies in advanced cases; the centrally restricted cone with nipple-shaped pattern and the 277 
peripheral with more spread oval cones. As nipple cones typically have smaller areas and locate 278 
closer to corneal apex compared with oval cones in severe keratoconus, the use of both cone height 279 
and distance of cone centre to apex as biomarkers for keratoconus severity may be less effective, 280 
leaving only cone height as a robust biomarker (3, 36-40). 281 
There is also strong evidence that the posterior cone increased in height faster in 90% of cases than 282 
the anterior cone which was likely affected by epithelial remodelling. This finding supports the notion 283 
that the evaluation of both surfaces would be important for a reliable diagnosis (41). The study also 284 
revealed strong correlation between the shift of the posterior cone (relative to the anterior cone) and 285 
the height of the anterior cone. This is an important finding which can be used to provide a realistic 286 
representation of cone geometry in numerical simulations of the biomechanics of keratoconic eyes. It 287 
could also help the design and optimisation of corneal implants used to correct refractive errors in KC 288 
patients. 289 
Another important earlier study by Mahmoud et al. identified the 2mm-diameter circular zone of the 290 
cornea with the steepest curvature and used it to locate the cone centre (36). The method was initially 291 
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developed for anterior surface axial and tangential curvature maps but later expanded to consider the 292 
posterior surface, surface elevation and corneal thickness maps. While this method was sensitive in 293 
separating keratoconic and normal corneas, and in locating and quantifying the alterations that occur 294 
in the central area of the disease, it was not designed to evaluate the cone shape or locate its 295 
transition zone. 296 
The proposed method in this research is also different from the Belin/Ambrósio enhanced best-fit 297 
sphere method (42, 43). In the Belin/Ambrosio method, the height of the cone is obtained by the 298 
difference in Z coordinate between the cornea and the BFS obtained after excluding a fixed area 299 
around the thinnest point. In the method presented in this study, the height is obtained by the radial 300 
differences between the cornea and the optimal sphere, calculated normal to the surface, obtained in 301 
an iterative process to exclude the pathologic area specific for each case. Another characteristic of 302 
the proposed method is that by using radial distances, the method is expected to be less affected by 303 
the natural curved shape of the eye.  304 
With numerical simulations being extensively used in ophthalmology, the findings of this study could 305 
be valuable for future research. Numerical models require geometric information to be able to perform 306 
simulations and provide reliable results. To model eyes with keratoconus, availability of the 307 
information provided in this paper would enable modelling of corneal geometry, including the 308 
representation of the pathologic area which could then be simulated as softer than the surrounding 309 
area. The proposed method can also be used on data provided by different corneal topographers to 310 
identify the cone location, height and transition zone. This should enable researchers to develop 311 
computer programs based on this logic and analyse mass information in a customised manner using 312 
only the elevation data of the anterior and posterior cornea. In addition, in the era of artificial 313 
intelligence, access to large datasets is crucial for machine learning purposes. One problem with data 314 
collection is that information provided by different devices often cannot be used due to variations in 315 
data format (39, 44). This method bridges this gap and enables consistent use of raw elevation data 316 
allowing multi-device data collection that can be fed into Artificial Intelligence (AI) algorithms. This 317 
would help in the process of clinical decision making. With this advancement, AI algorithms would be 318 
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able to help on the diagnose of keratoconus and on the treatment planning by, for example, increasing 319 
the accuracy of contact lens fitting of patients with abnormal corneas and helping in the ring segment 320 
surgery by improving ring size selection and defining its placement position. 321 
One limitation of the study was the reliance on only keratoconic topography data in the analysis and 322 
hence the lack of comparison to normal, healthy eyes. This was done as the method was intended 323 
not for disease detection, but to support the management of keratoconus.  324 
In conclusion, this study proposed a new method to explore the changes in anterior and posterior 325 
corneal surfaces in patients with keratoconus and to define the cone-shaped area. The method is 326 
intended to help improve understanding of corneal shape as keratoconus progresses and customise 327 
treatment regimens such as collagen cross-linking and intracorneal ring implantation. 328 
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